ON AN INTEGRAL FUNCTIONAL INEQUALITY

P. CH. TSAMATOS

ABSTRACT. In this paper, we establish upper bounds for the solutions of some func-
tional integral inequalities.

1. INTRODUCTION

In a recent paper Pachpate [1] has obtained upper bounds for the solutions of
the following integral inequalities

@ Posdizf ' F(&)2(o () Wialo(s))) + hs)a(o(s))] ds,

8

® #Osdz [ t [Fepetato ([ oW (o)) ) +h(3)a(a(s)] ds, |

©)
2 <z | [f(s>m(a(s)) ( ) g(T)W(tog:c(a(ﬂ))df) T h(s)m(a(s))] s
for t € [0, 00), with the conditions
2(t) = 9(t) < .t < [min o), 0,

and
o € C([0,00),R), with o(t) <t,t¢€[0,00).

The purpose of this note is to obtain upper bounds for the solutions of more
general integral inequalities of the following form

) @< ()™ (o ()W (@ (02(s))) + h(s)H(oa(s))] ds,
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n>r>0 0<ml<n-r,

(B1) t
@) < +n [ |16am(ox(s) ( /

n>r>0 0<m,l<n-r,

]

g(f)wu’"(az(r)))dr) + h(S)ml(Us(S))] ds,

(L)
x“l(t) <osn [ t [r@ameen ([ 'r)Wloga(aa(m))dr ) +h(5)z'(02(6) | ds

n>0, 0<m,l<n,

where ¢ € [0, 00).
Also, in all above cases we suppose that

(€) z(t) =9¥(t) < ¢, t € [a,0], where 9 is a given real function

defined on [a,0] and a = min;—; » 3 {mine;(t) : t € [0,00)}.

2. MAIN RESULT

For our convenience we list bellow the assumptions we will use in the next the-
(H1) 0; € C([0,00), R), with 0;(t) <t, te[0,00),i=1,23.
(H2) f € C([Ov OO), [0,00))
(H3) h e C({Os 00), [07 OO))
(Hs) g€ C(]0,00), [0, 0)).
(Hs) z € C(la,00),[zg,00)), 20 >0,c 2 1.
(Hs) TE C([a,oo), [ZQ,OO)),I() =le=1
(Hr)

W € C([0,00), [0, 00)) is nondecreasing, W(z) > 0, z > x
and W(zo) =0.

Theorem. (i) Inequality (A;) with (C) and assumptions (H;),i=1,2,3,5,7 imply

¢ t -
(1) z(t) < [G_l [G (c" -l—rf h(s)ds) +rf f(s)dsH ,0<t< By
0 0
(i1) Inequality (B;) with (C) and assumptions (H;),i=1,2,3,4,5,7 imply

(2)

z(t) < [G" [G (c"+r/0th(s)ds) +rf0tf(s) (fosg('r)df) ds” % ,0<t < Bo.

(i11) Inequality (L,) with (C) and assumptions (H;),i=1,2,3,4,6,7 imply
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(3)

z(t) < exp [G"l [G (logc—i— ./: h(s)ds) - ]:f(s) (/: Q(T)dT) ds” O <t < s,

where . g
s
— _ >
G(u) fo W(s)au 2 Ug > Zo,

G~! is the inverse of G and the numbers B;,i = 1,2,3 are choosen so that the
quantities in the square bracets in (1), (2), (8) are in the range of G.

Proof. In the following we give in details the proof of (ii) and (iii). The proof of
the assertion (i) can be done easily following the proof of (ii).
(ii) We define a function u: [0, 00) — [0, 00), by

s

W) = (crey+n [ t [f(s)wm(ol(s)) ( I g(r)W(x*‘(az(T)))dr) + h(s)zH(os (s))] s,

where ¢ > 0, is an arbritrary constant. Then we have
u(0) =c+e
and

(4)
nu™ (' (t) = nf(t)z™ (01 (t))‘/; g(T)W{(z" (o2(7))dT + h(t)z' (o3(t)),t € [0, 00).

Now, if 0 < 07(t) < t, we have

(1) < w0 (1)
= (c+¢&)"
+n [ "o (10210 ([ oW e @atear ) + e)a'tos(e))| do
<(c+e)"
+n [ [ream o (| W s ) + h(o)a s (e) | ds
=4t}
Also, if a < 01(t) < 0, we have
z(o1 (t) = ¥(o1 (1)) < c+e < ult).
Thus, in any case we have

z(o1(t)) < u(t),t € [0,00).
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Similarly, we have also
z(o;(t)) < u(t),t € [0,00),i=2,3.
By (4), since 0 < m,l < n — 7, we have
t
u™ (t)u'(8) < FE)u" () f g(T)W (u"(1))dr + u™""(£)h(t),t € [0, 00).
0

or
i

u" ' (t) < f(t)j g(m)W(u")(r)dr + h(t),t € [0, 00).
0
Integrating both sides from 0 to ¢ we have
@ <stt) +r [ 16 ([ deW @) ds,te o.00)

where .
plt) = (c+&) +7 [ h(s)ds, t € [0, 00).
0

For an arbritrary T € [0, 00) we have

w@ <o +r [ 16) () W ie)ir) date 0.0
We set

w0 =@ +7 [ 16 ([ oW m)ic) ds,t < 0,.0)

Since u”(t) < v(t), t € [0,T] and W is nondecreasing, we have

t

v'(t) S rfER)W(v(t)) jo g(r)dr,t € [0, T).

Thus ;
F6(@) <r76) [ ardrte0T]

Integrating both sides from 0 to T', we have
T 8
G() < Gy +r [ 16)([ atrinds

Hence

v(T) < G™1 [G(p(T)) -+ rjoT f(s) (fosg('r)d'r) ds] )
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Since T is arbritrary and z(¢) < u(t), t € [0,00), the result is obvious by letting
g—0.

(iii) We define a function u: [0,00) — [0, 0), by

() = (cre)n | [f(s)mm(al(sn ( / Sg(fr)waogm(oz(f)))dr) i h(s)m’(as(s))] ds,

where € > 0, is an arbritrary constant. Then

u(0) =c+e

and for every t € [0, 00) we have

t
(5) nutTl(R)u'(t) = nf(t)z™ (o1(t)) A g(r)W (logz(02(7)))dr + h(t)z' (03(t)).

As in the proof of step (i) and, since 0 < m,! < n, we can prove that
z™(0:(t)) <u™(t) and z'(oi(t) <u™(t), tel0,00),i=1,2,3.

Hence, by (5) we have

L0 (1) < FE)u™(@) fo t g(T)W (logu(r))dr + h(t)u™(t), t € [0, 00).

or
?"T(;)) < f(t)j; g(T)W (logu(t))dr + h(-t-),t € [0,00).

Integrating both sides from 0 to ¢, we have

i ]
logu(t) < p(t) + /0 F(s)( /; g(T)W (logu(r))dr)ds, t € [0, 0),
where t
P(t) = log(c+e) + / h(s)ds.
0

We omit the rest of the proof since it is similar to that in the above step (i). O
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